Abstract. Let r X be a locally finite complete Gromov hyperbolic metric graph with the geometric boundary consisting of infinite points. Suppose that there is a discrete subgroup of the isometry group Isop r Xq acting geometrically on r X. The λ-Martin boundary is the boundary of the image of an embedding from r X to the space of λ-superharmonic functions. We show that the λ-Martin boundary coincides with the geometric boundary for any λ P r0, λ0s, in particular at the bottom of the spectrum λ0.
Introduction
Let r X be a locally finite Gromov hyperbolic metric graph with the geometric boundary consisting of infinite points. Suppose that there exists a group Γ acting isometrically and geometrically on r X. In this article, we study Brownian motion on a hyperbolic metric graph r X. Brownian motion is a random process of which the probability density ppt, x, yq of going from x to y at time t is given by the heat equation (see Definition 2.13). Therefore, to define a Brownian motion, we first need to define a Laplacian operator. For Riemannian manifolds, the canonical choice is the Laplace-Beltrami operator.
We start with a more general metric spaces, namely strip complexes. A strip complex r X Ă M is the product space of a graph r X and a manifold Ă M . On strip complexes, we choose the Laplace operator defined by Bendikov, Saloff-Coste, Salvatori and Woess, which is related to Dirichlet forms [BSSW] . It is a generalization of Laplace-Beltrami operator in the sense that the restriction of the operator on the product of an open edge of the graph and the manifold is the Laplacian on the product space seen as a manifold.
We define the Sobolev space W 1 pOq on a relatively compact open set O of the strip complex r X Ă M and a Dirichlet form E whose domain is W 1 pOq. There exists a one-toone correspondence between the family of closed forms and the non-negative definite selfadjoint operators. Using the one-to-one correspondence, we define the graph version of the Laplacian p∆, Dom r X Ă M p∆qq on the space r X Ă M and also the Laplacian p∆, Dom O p∆qq on any open set O.
Suppose that a discrete group Γ acts geometrically on r X Ă M . The bottom of the spectrum of Laplacian depends on the group Γ. The group Γ is non-amenable if and only if the bottom of the spectrum of the Laplacian is positive ( [SW] Theorem 8.5).
We construct the heat kernel ppt, x, yq on the strip complex as the limit of the heat kernel p O i pt, x, yq for an increasing sequence of relatively compact connected open sets O i covering r X Ă M . This construction enables us to obtain the convergence of the Green function and the existence of a harmonic function. For that purpose, we observe two properties of the eigenfunctions of the Laplacian p∆, Dom O p∆qq. The first property is that eigenvalues are discrete and the dimension of each eigenspace is finite. The second property is the existence of the orthonormal basis L 2 pOq consisting of the eigenfunctions of the Laplacian p∆, Dom O p∆qq.
After constructing the heat kernel, we consider the λ-Green function ş 8 0 e λt ppt, x, yqdt for any two distinct points x, y P r X Ă M . The λ-Green function converges for all λ P r0, λ 0 q. Using Sullivan's idea [Su] , we show the existence of the positive λ-harmonic functions on the graph for any λ P r0, λ 0 s. Following the proof in [LS] , we prove the convergence of the λ 0 -Green function.
In the second part, we restrict our attention to hyperbolic graphs and their Martin boundary. Our main result is the uniform Ancona inequality, also called Ancona-Gouëzel inequality on hyperbolic graphs (see [GL] and [G] for random walks).
Theorem 1.1. Let r X be a locally finite complete Gromov hyperbolic metric graph with the geometric boundary consisting of infinite points. Suppose that a graph Γ acts isometrically and geometrically on r X. For all λ P r0, λ 0 s and for three points x, y and z on the same geodesic rx, zs with dpx, yq ě 1 and dpy, zq ě 1, (1.1) C´1G λ px, yqG λ py, zq ď G λ px, zq ď CG λ px, yqG λ py, zq.
The most non-trivial part is the uniformity of the constant C in Equation (1.1) on λ, which implies equation (1.1) for λ " λ 0 . To show (1.1), we first prove a graph version of Harnack inequality: there exists a constant C n such that for all λ P r0, λ 0 s and for two distinct points x, y with 1 ď dpx, yq ď n`1,
The Brownian motion associated with a Dirichlet form on a graph is a Hunt process, in particular a Markov process. Using strong Markov properties of our Brownian motion, we show that the relative λ-Green function G λ px, z : Bpx, rq c q decays super-exponentially fast, from which the uniform Ancona-Gouëzel inequality follows, an idea due to S. Gouëzel [G] .
We remark that there exists a constant C 1 m such that for all λ P r0, λ 0 s and for two distinct points y, z with 1 ď dpy, zq ď m,
m . However, (1.2) and (1.3) together implies only an inequality similar to (1.1) with constant depending on the distance between points x, y and z.
Using Ancona-Gouëzel inequality for λ P r0, λ 0 s, we show the next main theorem Theorem 1.2. Let r X be a locally finite complete Gromov hyperbolic metric graph with the geometric boundary consisting of infinite points. Suppose that a graph Γ acts isometrically and geometrically on r X. The λ-Martin boundary of r X coincides with the geometric boundary for all λ P r0, λ 0 s.
An important question in the study of Brownian motions is whether the local limit theorem on a hyperbolic graph holds: does there exist a function c : r Xˆr X Ñ R such that for two distinct points x, y P r X,
The proof of the local limit theorem for random walks or Brownian motion on Riemannian manifolds uses various strategies (see [Bo] , [GL] , [G] and [LL] ). In particular, in [LL] , one uses Gibbs measure associated to a pressure which is defined using λ-Green function (see [LL] ). We hope that Theorem 1.1 will enable us to apply thermodynamics formalism of the geodesic flow on a hyperbolic graph and Gibbs measures on the λ 0 -Martin boundary.
The article is organized as follows. In Section 2, we define the Laplacian and construct the heat kernel on strip complexes.
In Section 3, we observe properties of positive λ-harmonic functions on strip complexes. Using these properties, we show that if the group Γ is non-amenable, then the λ 0 -Green function converges.
In Section 4, we first prove Ancona-Gouëzel inequality (1.1) (Theorem 4.9 and Theorem 4.15). Using the inequality (1.1), we show Theorem 1.2.
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Laplacian and Heat kernel
Let r X " pV, Eq be a locally finite connected complete graph. Let d be a metric on r X and l be the length function of d. Let l e be the length of the edge e. Let Ă M be a Riemannian manifold. The strip complex r X Ă M is defined as the product metric space r XˆĂ M . Let e be an edge of the graph r X. Denote the open edge of e by e o . Denote by S e " eˆĂ M and S o e " e oˆĂ M the closed strip and the open strip of edge e, respectively. If two edges e and e 1 intersect a vertex v, then the strips S e and S e 1 meet along
Choose an orientation of the edge e once for all. Denote by ipeq and tpeq the initial vertex and the terminal vertex of the edge e, respectively. Let Γ be a non-amenable discrete group. Suppose that Γ acts isometrically and geometrically (i.e. properly and cocompactly) on r X Ă M . Using the barycenter subdivision if necessary, we may assume that Γ acts without inversions. Denote XM " r X Ă M {Γ and fix a fundamental domain F of r X Ă M . Choose S " g P Γ|F X g.F ‰ φ ( as a set of generators of Γ, which is finite by Proposition I.8.19 in [BH] . We denote the word distance of Γ with respect to S by d Γ .
To define the transition probability of the Brownian motion on a strip complex, we take a strip complex version of the Laplacian defined in [BSSW] .
2.1. Dirichlet forms. This section is devoted to the theory of Dirichlet forms needed to define the Laplacian on strip complexes in Section 2.2 (see [FOT] for general Hilbert space).
Let µ be the length Lebesgue measure on r X Ă M defined as follows: for any measurable function f , ż
and let DompEq be a dense subspace of H. Denote the standard L 2 -inner product by x¨,¨y. The map E : DompEqˆDompEq Ñ R is a symmetric form and DompEq is the domain of E if the following properties hold: for all u, v, w P DompEq and α P R, Epαu`v, wq " αEpu, wq`Epv, wq Epu, uq ě 0 Epu, vq " Epv, uq.
Let pE, DompEqq be a symmetric form. For any α ą 0, we define another symmetric form E α for all α ą 0 as follows: E α pu, vq :" Epu, vq`α xu, vy for all u, v P DompEq and
In particular, when α " 1, we call a E 1 pu, uq the E 1 -norm of a function u in DompEq.
For all u, v P H, denote by^and _ the minimum and the maximum functions:
u^vpxq " mintupxq, vpxqu and u _ vpxq " maxtupxq, vpxqu.
Then, we define the Dirichlet form as follows.
Definition 2.2 (Dirichlet form). Let E be a symmetric form with domain DompEq Ă H.
(1) Let C 0 p r X Ă M q be the space of continuous functions on r X Ă M that vanish at infinity. A subspace C of DompEq X C 0 p r X Ă M q is a core if C is dense in DompEq with E 1 -norm and C is dense in C 0 p r X Ă M q with uniform norm ||¨|| 8 . The symmetric form E is regular if E has a core.
(2) A symmetric form E is strongly local if for all compactly supported functions u, v P DompEq, Epu, vq " 0, when v is constant on a neighborhood of supppuq. (3) A symmetric form E is closed if for any sequence of functions u n in DompEq satisfying lim m,nÑ8
E 1 pu n´um , u n´um q " 0, there exists a function u in DompEq such that lim nÑ8 E 1 pu n´u , u n´u q " 0.
(4) A closed symmetric form E is Markovian if the following hold: for all u P DompEq, if v " p0^uq _ 1, then Epv, vq ď Epu, uq. (5) A symmetric form E is a Dirichlet form if E is closed and Markovian.
An operator pA, DompAqq is non-negative definite if for any u P DompAq, pAu, uq ě 0 and it is self-adjoint if A has a transpose operator A t such that DompAq " DompA t q. Lemma 2.3. ( [FOT] , Corollary 1.3.1) There is a one-to-one correspondence between the family of closed symmetric forms E on H and the family of non-negative definite self-adjoint operators´A on H. The correspondence is characterized by the following properties: # DompAq Ă DompEq Epu, vq "´pAu, vq for all u P DompAq and for all v P DompEq.
Lemma 2.3 is used to define the Laplacian on strip complexes in Definition 2.6.
2.2.
Laplacian on the strip complex. Using Lemma 2.3, we define the Laplacian operator for strip complexes. Using the orientation of the edge e, the edge e can be parametrized by the interval r0, l e s. Then one obtains a Riemannian metric g " 
(1) The Sobolev space W 1 pOq is the set of functions such that
f | e 1 for e and e 1 intersecting at vertex v. We define ∆f to be the function h. The Laplacian ∆ is defined on Dom O p∆q. [BSSW] , if g " g 1`g2 P W 1 0 pOq ' HpOq and g ě 0, the function g 2 is also non-negative µ-almost everywhere for any non-negative function g P W 1 0 p r X Ă M q and g ě g 1 µ-almost everywhere. For any f P Dom O p∆q and g ě 0 in
Denote g`pxq " maxtgpxq, 0u and g´" maxt´gpxq, 0u. By definition, for any g P W 1 0 p r X Ă M q, g`and g´are also contained in W 1 0 p r X Ă M q. Since g`and g´satisfy the inequality (2.2), for any f P Dom O p∆q and
Thus, Dom O p∆q is a subspace of Domp∆q.
Definition 2.7. rpD, D 8 qs
for all e P E and x P e o , where 
where v is a vertex of e. Choose r ą 0 with Bpv, rqˆU Ă O. Let f be a compactly supported smooth function on U . A smooth function F on Bpv, rqˆU is defined by F px
Let e be a point in e satisfying d r X pv, e q " and pe 1 , e 2 q be the set of points x in e with 1 ă d r X pv, xq ă 2 . Denote R e " te uˆU and R e 1 , 2 " pe 1 , e 2 qˆU . Using Equation 5.6
in [BSSW] , one obtainšˇˇˇˇż
ppxqpλF pxq`∆ q " 0.
Thereom 5.12 in [BSSW] means that p is smooth and satisfies the Kirchoff's law.
The first property of eigenfunctions of the Laplacian is about the spectrum.
3) The spectrum σpAq of a compact operator A on a Hilbert space H is at most countable and has no nonzero accumulation point. If the dimension of H is infinite, 0 P σpAq. The eigenspace of any eigenvalue λ ‰ 0 of A is finite dimensional.
By the definition of the Laplacian and Cauchy inequality, for any f P Domp∆q,
Using Proposition 2.1 in [Sc] , p´∆`Iq´1 is a bounded operator. Since the embedding DApf q " λDBpf q.
Let O be a relatively compact connected open set in r X Ă M . Define functions
on W 1 0 pOq. Then the Fréchet derivatives of A and B are DApf qg " 2Epf, gq and DBpf qg " 2pf, gq, respectively. Suppose that Apf q is an extreme value of A on B´1p0q. Since the Fréchet derivative DBpf q is nontrivial, there exists a constant λ such that for all g P W 1 0 pOq, Epf, gq " λpf, gq.
By Cauchy inequality, f is contained in Dom O p∆q and f is an eigenfunction of´∆ with eigenvalue λ. Using this fact, we find an orthonormal basis of L 2 pOq which consists of the eigenfunctions of ∆:
Let O be a relatively compact open subset of r X Ă M . Using the eigenfunctions of p∆, Dom O p∆qq, let us define a function p O : p0, 8qˆOˆO Ñ R as follows: Definition 2.13. The heat kernel of a strip complex r X Ă M is the fundamental solution of the heat equation i.e. ∆ x ppt, x, yq " Bppt, x, yq{Bt and ppt, x, yq Ñ δ x´y as t Ñ 0.
Using the eigenfunctions of Laplace-Beltrami operator of relatively compact open subsets of a manifold M , Dodziuk built the heat kernel on M ([D]
). Let us construct the heat kernel ppt, x, yq on r X Ă M analogously, and show that ppt, x, yq is stochastically complete, i.e. ş r X Ă M ppt, x, yqdµpyq " 1 for all t P p0, 8q.
Lemma 2.14. Let I " r0, T s Ă R and let O be a relatively compact connected open subset of r X Ă M . Let u : IˆŌ Ñ R be a function such that up¨, xq : I o Ñ R is differentiable for any x P O and upt,¨q is in D 8 c pŌq for any t P I o . If
and if there is a point pt 0 , x 0 q P p0, T sˆO such that M " upt 0 , x 0 q is the maximum of u in I oˆO , then u is a constant function on I oˆO .
Proof. Let S e be a strip of an edge intersecting the open set O. Suppose there exists a point pt 0 , x 0 q P p0, T sˆS o e such that upt 0 , x 0 q is the maximum of u. By the maximum principle (for example Theorem 3.3.5 in [PW] ), the function u| po,T sˆSeXŌ is constant. Then, it is enough to show that u is a constant function when the maximum of u appears at a point
Suppose that there is a point pt 0 , x 0 q in p0, T sˆp Ă M v 0 X Oq such that upt 0 , x 0 q is the maximum of u on p0, T sˆO. Choose a positive number ε satisfying Bpv 0 , qˆBpx
To use maximum principle for manifolds, we define a function on Iˆp´ε, εqˆBpx
, εq as follows:
, εq
where e s is a point in e satisfying dpe s , ipeqq " s. Since upt,¨q satisfies Kirchhoff's rule for all t, u v 0 is smooth. By the maximum principle on manifolds,
Suppose that there are an edge e and a point pt, xq P Iˆp Ă M v 0 XOq such that B s u| e pt, xq ‰ 0 and ipeq " v (tpeq " v, resp.). Since ř
XOq, there is an edge e such that Bu| e pt, xq ą 0 and ipeq " v 0 pB s u| e pt, xq ă 0 and tpeq " v 0 , respq . This is a contradiction. Therefore, each edge e intersecting v 0 satisfies that B s u| e " 0. Let e 1 be an edge with initial vertex v 0 . The function u v 0 ,e 1 on Iˆp´ε, εqˆBpx M,0 , εq is defined as follows:
By the maximum principle, the restriction u| IˆpS e 1 XBpv,εqˆBpx M,0 ,εis a constant function. Similarly, the restriction u| IˆpS e 2 XBpv,εqˆBpx M,0 ,εqq is a constant function when v 0 is the terminal vertex of an edge e 2 . Thus, the function u is constant on the star of v 0 . Since u has the maximum at the boundary points of the star of v 0 , we conclude that u is constant.
Since Γ is non-amenable and the bottom of the spectrum is non-zero by Theorem 8.5 in [SW] , λ O,i ą 0. The function p O pt, x, yq satisfies the assumption of Lemma 2.14.
Proposition 2.15. For any relatively compact connected open set O, the function p O pt, x, yq satisfies the following:
Proof. As the proof of Lemma 3.2 in [D] , the parts p1q, p2q and p3q are proved by the construction of p O pt, x, yq and Lemma 2.14.
Since lim
Since p O pt, x,¨q satisfies Kirchhoff's law, by Stokes' theorem, we obtain the following:
where V ol S o e XBO is the volume form of S o e X BO and n y is the outward normal vector at y relative to S o e X BO. Since for all pt, x, yq P p0, 8qˆOˆO, p O pt, x, yq ą 0, and p O pt, x, yq vanishes at the boundary of O, gpn y , ∇p O pt, x, yqq ď 0. Hence, p4q holds.
Given two relatively compact connected open sets O 1 and O 2 withŌ 1 Ă O 2 , for all x P O 1 and y P BO 1 , p O 1 pt, x, yq´p O 2 pt, x, yq ď 0. Therefore, we conclude that for all x, y P O 1 , 
for all pt, x, yq and for all i, we define the function ppt, x, yq as follows:
Note that ppt, x, yq does not depend on the choice of tO i u, since given a relatively compact connected open set O, there exists a relatively compact connected open set
where the supremum is taken over the set of all relatively compact connected open subsets of r X Ă M .
Lemma 2.17. Let tu i pt, xqu be an increasing sequence of functions satisfying the assumption in Lemma 2.14. Suppose that u i pt, xq satisfies the heat equation for all i, i.e.
dt " ∆u i and the sequence tu i pt, xqu converges pointwise to a function upt, xq. Suppose that for all compact subset K, there exists a constant C K such that ż
Then tu i pt, xqu converges uniformly to a function upt, xq on compact sets and upt, xq satisfies the heat equation. Furthermore, up¨, xq is in C 8 pp0, 8qq for all x P r X Ă M and upt,¨q is in D 8 for all t P p0, 8q.
Proof. We follow the proof of Lemma 3.7 in [D] . For any pt, xq, there exists a connected compact set K in r X Ă M such that pt, xq is an interior point of rt 1 , t 2 sˆK. Let O 1 and O 2 be open sets such that x P O 1 Ă O 2 Ă K and let h be a positive function of D 8 c such that h| O 1 " 1 and h| KzO 2 " 0. Then we obtain the same integration as Lemma 3.7 in [D] . By Kirchhoff's law and Stokes' theorem, all the derivatives of u l pt, xq are described by the integration of products of u l , the derivatives of h and the derivatives of p K o pt, x, yq. Since tu i u is an increasing sequence of functions and the sequence tu i u converges pointwise to a function u, u i converges uniformly to u on compact sets. Thus, given a compact set K, the derivative of u is obtained by the limit of integration.
By Lemma 2.17, for all t P p0, 8q and for all edge e, the restriction ppt, x,¨q| e o has all the derivatives. The derivatives can be extended to the bifurcation manifolds M ipeq and M tpeq of the strip S e . As a limit, ppt, x,¨q inherits properties of p O pt, x, yq described in Proposition 2.15.
Proposition 2.18. The function ppt, x, yq satisfies the following:
(i) ppt, x, yq " ppt, y, xq and
ppt, x, yqpps, y, zqdµpyq " ppt`s, x, zq.
(iii) ppt, x, yq ą 0 for all pt, x, yq P p0, 8qˆr X Ă Mˆr X Ă M .
We now show the stochastically completeness ż r X Ă M ppt, x, yqdµpyq " 1.
By Proposition 2.15, for all t P p0, 8q, ş r X Ă M ppt, x, yqdµpyq ď 1. For any bounded function upxq on r X Ă M , and any relatively compact connected open set O, the restriction u| O is contained in L 2 pOq. For all x P O, the following holds:
We conclude that lim
This implies that ppt, x, yq is a heat kernel. Proposition 2.20. The heat kernel ppt, x, yq satisfies the following:
ppt, x, yqf pyqdµpyq and
3. Green functions of strip complexes 3.1. Convergence of Green function. In the section, we study the λ-Green function on the strip complex r X Ă M .
Definition 3.1. The bottom of the spectrum λ 0 of´∆ is defined as follows:
, .
-.
The λ-Green function is defined as follows:
The Green region is the set of λ P R such that the λ-Green function G λ is finite.
The generator A of a semigroup tT t u tě0 of operators is an operator defined by
The domain of A is DompAq :" tu P H : Au exists as a strong limitu.
M q generated by p∆`λIq is defined by the following: for all f P L 2 p r X Ă M q,
e λt ppt, x, yqf pyqdµpyq " e p∆`λqt f pxq.
Recall that λ 0 ą 0. Consider E´λpu, vq " Epu, vq´λ xu, vy for all λ P p´8, λ 0 s.
Using 0 ď E´λpu, uq ă Epu, uq for all u P W 1 0 pOq, one can show that E´λ is a closed form for any λ P r0, λ 0 s. By Lemma 1.3.3 in [FOT] , the semigroup P λ t associated with E λ is contracting for all λ P r0,
Suppose that there is a function φ P W 1 0 p r Xq such that´∆φ " λ 0 φ. Then P
. As in Section 7 of [Su] , we conclude that φ is positive µ-almost everywhere, in particular, not compactly supported. Hence, every eigenfunction of´∆ with compact support has an eigenvalue greater than λ 0 .
Remark 3.3. The dimension of the eigenspace of λ 0 in L 2 p r X Ă M q is at most 1. Let O be a relatively compact connected open subset of r X Ă M . Similar to the simplicity of p´λ 0 q, the largest eigenvalue´λ O 0 of p∆, Dom O p∆qq is simple. Definition 3.4. The resolvent set of´∆ on Domp∆q is the set of λ P C such that p´∆´λIq has a bounded inverse operator on H. The spectrum of´∆ is the complement of the resolvent set.
Proposition 3.5. The closure of the spectrum of the operator´∆ is contained in rλ 0 , 8q.
Proof. By definition, for any λ P pλ 0 , 8q, there exists a function f in C 8 c p r X Ă M q such that
Let K be the support of f . As in Section 2.3, any eigenvalue of the eigenfunction p K o 0 with smallest eigenvalue in the equation (2.4) is smaller than λ. Hence, it is enough to show that the open set p´8, λ 0 q is contained in the resolvent set of´∆. Thus, for all f P Domp∆q and for all λ P p´8, λ 0 q, x´∆f, f y´λ xf, f y " Epf, f q´λ xf, f y ą pλ 0´λ q xf, f y .
The dimension of the kernel of p´∆´λIq is zero. By Proposition 1.6 in [Sc] , p´∆´λIq is surjective. By Proposition 2.1 in [Sc] , p´∆´λq has an inverse operator. Hence, the open set p´8, λ 0 q is in the resolvent set of ∆.
As in [Su] , if λ is in Green region, for any compact set K and x in r X Ă M , lim
, thus one obtain the following corollary. Corollary 3.6. If λ is an element of the resolvent set of´∆, then the inverse operator of p´∆´λIq is described by the following integral: for all f P L 2 p r X Ă M q, p´∆´λIq´1pf qpxq "
Furthermore, the Green region is p´8, λ 0 q or p´8, λ 0 s .
Let Ω x be the set of continuous paths in r X Ă M starting at x and Y t be a Brownian path in Ω x .
(1) A function f in W 1 loc pOq is λ-harmonic on O if f is a weak solution of the following equation: for all g P W 1 c pOq, Epf, gq " λpf, gq.
(2) The probability measure P x on Ω x is defined as follows: for any 0 ă t 1 ă¨¨¨ă t n and any Borel sets B n in r X Ă M ,
ppt 1 , x, y 1 qpps 1 , y 1 , y 2 q¨¨¨pps n , y n´1 , y n qdµ n py 1 ,¨¨¨, y n q, where µ n " µˆ¨¨¨ˆµ and s i " t i´ti´1 .
The probability measure P x describes the Brownian motion related to our Laplacian on the strip complex ( [BSSW] , [FOT] ). Following Sullivan's argument ( [Su] ), we obtain Lemma 3.8 and Theorem 3.11. Proof. Let σ O be the exit time, i.e. σ O pY q " inftt ě 0 : Y t P O c u, where Y t is a continuous path in r X Ă M . The expectation of a function f on Ω x is defined by E x pf q " ş Ωx f P x . The expectation of e λt over the set of the random paths in Ω x staying in O reaching B at time t satisfies
Since λ ă λ O,i for all i and p O pt, x, yq "
we define a function f λ associated with a function on f on BO as in the proof of Theorem 2.1 in [Su] . Remark 3.3 implies that the hitting distribution on BO depends on p O 1 , thus the proof in [Su] varied. Given a positive function f on BO and λ P p´8, λ 0 s, we extend the function f λ as follows:
By Theorem 4.3.1 in [FOT] and the proof of Theorem 5.2 in [BSSW] , f λ P W 1 loc pOq is a weak solution of the following equation E λ pf λ , uq " 0 for all u P W 1 0 pOq, and f pxq " f λ pxq for all x P 4BO. By Proposition 5.12 in [BSSW] , f λ P D 8 pŌq.
Proposition 3.9. The set of λ P R such that there exists a positive λ-harmonic function coincides with p´8, λ 0 s.
Proof. Let tK r X,n u be an increasing sequence of connected compact sets of r X whose boundary consists of vertices of r X and let tK Ă M ,n u be an increasing sequence of connected compact
any λ P p´8, λ 0 s, there exists a sequence of positive functions f n such that f n P D 8 pK n q and´∆f n " λf n . Let v 0 be a vertex in
and let pv 0 , x 0 q be a point in M v 0 X K 1 .
We may assume that f n pv 0 , x 0 q " 1 for all n. Let us consider an edge e with v as a vertex of e. By Harnack's principle, there exists a subsequence f e,i of f n that converges uniformly to a λ-harmonic function on K n X S o e . Using Harnack's principle to strips connected to the strips S e , we find a subsequence f 1,i of f n that converges uniformly to a λ-harmonic function on K 1 . Inductively, we obtain a subsequence f n,k of f n´1,j which converges to a λ-harmonic function on K n . As n goes to infinity, we find a subsequence of f n which converges to a λ-harmonic function f uniformly on compact sets.
Let f be a positive λ-harmonic function. See the proof of Theorem 2.1 in [Su] . Then λ must be contained in p´8, λ 0 s.
As in [Su] , if the compact convex set of positive p´λ 0 q-harmonic functions f satisfying f px 0 q " 1 for some x 0 has more than one element, the λ 0 -Green function is finite.
Proposition 3.10. ( [Su] ) If the Green region is p´8, λ 0 q, then there exists a unique positive p´λ 0 q-harmonic function up to a constant multiple.
Following the proof of Theorem 3 in [LS] , we show the following theorem.
Theorem 3.11. If Γ is non-amenable, then the λ 0 -Green function is finite.
Proof. By Lemma 3.8, there exists a positive p´λ 0 q-harmonic function f . Denote qpt, x, yq :" e λ 0 t ppt, x, yqf pyq{f pxq.
Let us define a semigroup tQ t u as follows: for any g P L 8 p r X Ă M q,
Denote u t 0 ptq " upt`t 0 q. Since R`is amenable, there exists a linear functional ϕ on C b pR`q such that for all t 0 P R`and for all u P L 8 pR`q, ϕpu t 0 q " ϕpuq and }ϕ} op ď 1.
Denote
Suppose that the λ 0 -Green function diverges. By Proposition 3.10, the space H λ 0 consists of constant functions. Any function g in L 8 pΓq is regarded as a function in L 8 p r X Ă M q, by defining as follows gpxq " gpγq, where x P γF .
As in [LS] , the functional r ϕ on L 8 pΓq is Γ-invariant. Hence, the group Γ is amenable.
Martin boundary of hyperbolic graphs
Let r X be a locally finite connected complete Gromov hyperbolic graph whose Gromov boundary B r X is an infinite set. The graph r X itself, as the product of r X with one point is a strip complex. Let l m and l M be the smallest and the largest edge length of r X. Let Bpx, rq and Spx, rq be the ball and the sphere of radius r centered at x. Suppose that a discrete group Γ acts isometrically and geometrically on r X. Since group Γ is quasi-isometric to r X, Γ is hyperbolic and non-amenable.
Ancona showed that for any Riemannian manifold with negatively pinched curvature, there exists a constant C satisfying the inequality (1.1) when λ P r0, λ 0´ q ( [A] ). Using the inequality (1.1), Ancona proved that the geometric boundary of a hyperbolic group coincides with the λ-Martin boundary for all λ P r0, λ 0 q. Using the ideas of [GL] and [G] , Ledrappier and Lim showed that the geometric boundary of a universal cover of a negatively curved closed manifold coincides with its λ 0 -boundary ( [LL] ). We extend their results to hyperbolic graphs. 4.1. Harnack inequality for graphs. Since the function G λ px, yq is λ-harmonic on r Xztxu, Harnack inequality is used to show Ancona-Gouëzel inequality. In this section, we show the graph version of Harnack inequality, which is the analog of the result of Cheng and Yao ( [CY] ). Denote the counting measure of a discrete subset Y Ă r X(A Ă Γ, resp.) by |Y | (|A|, resp.).
Proposition 4.1. Let f be a positive λ-harmonic function on Bpx, r`1q. Then there exists a constant r˚P rr, r`1s such that
Proof. Let r " r 0 ă r 1 ă¨¨¨ă r n " r`1 be the maximal sequence of radii in which branching appears between r and r`1.
Step 1. We observe each interval pr i , r r`1 s. Since f is a λ-harmonic function, f is contained in the space D 8 . Hence, plog f q 1 is well-defined on each closed edges and ∆ log f coincides with plog f q 2 . Thus
For any s and δ such that ps´δ, ss Ă pr i , r i`1 s, choose ϕ P C 8 pBpx, r`1qq satisfying ϕ| Bpx,s´δq " 1 and ϕ| Bpx,sq c " 0 and |ϕ 1 | ď 2 δ .
By the equation (4.2) and Kirchhoff's law, we obtain (4.3)´ż
where C s,δ " Bpx, sqzBpx, s´δq. Let r i,˚b e the middle point of the interval rr i , r i`1 s. By Hölder's inequality and (4.3),
For any measurable function f on Bpx, r i`1 q and for any s P pr i , r i`1 q, define a differentiable functionf byf
Since Bpx, r i`1 qzBpx, r i q is a disjoint union of |BBpx, r i,˚q q| distinct intervals of length r i`1´ri , we have:
where F pr 1 q " ş Bpx,r 1 q |plog f q 1 | 2 dµ. Integrating over the interval pr i , r i`1 s, (4.4) r i`1´ri |BBpx, r i,˚q | "
Step 2. Using the inequality (4.4), we have:
Let r˚be a number such that |BBpx, r˚q| " max 0ďiďn´1 |BBpx, r i,˚q |. Then 1 |BBpx, r˚q| "
thus the inequality (4.1) holds.
Using Proposition 4.1, we obtain the graph version of Harnack inequality.
Corollary 4.2. Let u be a positive λ-harmonic function in CpBpx, r`1qq. Then there exists a explicit constant D r " p2|BBpx, r˚q|µpBpx, rqq 1 2 such that for all y, z P Bpx, rq, upyq upzq ď D r .
Proof of Ancona-Gouëzel inequality.
Using the properties of Markov process as in [LL] , we prove the Ancona-Gouëzel inequality. In this section, the constant C may vary from line to line. In this section, we mainly use the strong Markov property.
Definition 4.3. Let pΩ, M, tY t u tě0 , Pq be a Markov process with state space pS, Bq. Let M t be a σ-algebra generated by tY t u.
(i) A function σ on Ω is a stopping time if tx P Ω : σpxq ď tu P M t for all t.
(ii) Let σ be a stopping time. Denote M σ " tA P M : AXtx P Ω : σpxq ď tu P M t , @t ě 0u. The Markov process has strong Markov property if M t`" Ş t 1 ąt M t 1 and for any x P S, t ě 0, B P B and stopping time σ, P x pY σ`s P E|M σ q " P Yσ pY s P Eu.
The exit time σ O of a relatively compact connected open set O in Lemma 3.8 is the example of stopping time. The process derived from a strongly local regular Dirichlet form is a strong Markov process on continuous paths with probability 1 ( [FOT] Theorem 4.5.3 and Theorem 7.3.1).
Using the exit time σ O of an open set O, the relative Green function G λ px, y : Oq is defined as follows: for any Borel measurable function f and for any distinct points x, y P O, ż
By the strong Markov property, we have the following proposition as in [LL] .
Proposition 4.4. Let O 1 and O 2 be connected open sets in r X which are not disjoint. Then we have the following: for all x P O 1 zO 2 and y P O 1 and for all λ P r0, λ 0 s,
where σ " σ O 1 and τ " σ O 1 zO 2 are the exit time of O 1 and O 1 zŌ 2 , respectively.
Remark 4.5. To show Proposition 4.4, we need Lebesgue's theorem, which is clear if a point x is in an open edge e o . Let us verify Lebesgue theorem for vertices of r X. Let δ be smaller than the smallest length of edges in the graph r X. For a vertex x in r X,
Using Lebesgue theorem on each edge, we obtain the graph version of Lebesgue's theorem. Lemma 4.6. There exists a constant A r such that for all λ P r0, λ 0 s and for all py, zq in Bpx, rq 2 with dpy, zq ě r{2,
Proof. Suppose on the contrary that there exists a sequence of pλ n , y n , z n q P r0, λsˆBpx, rq 2 such that G λn py n , z n : Bpx, 2rqq ď 1 n .
Since r0, λsˆBpx, rq 2 is compact, the sequence tpλ n , y n , z n qu 8 n"1 has a convergent subsequence tpλ n k , y n k , z n k qu 8 k"1 with the limit point pλ, y, zq. The point pλ, y, zq satisfies G λ py, z; Bpx, 2rqq " 0. By Theorem 4.4.1 in [FOT] , for all t ą 0,
λt p Bpx,2rq pt, x, yqdt " 0, thus p Bpx,2rq pt, x, yq " 0, which contradicts Proposition 2.15 (3).
Let us consider the equation (4.5). The measure η
on O 1 X BO 2 is defined as follows: for all y P O 1 , (4.6)
Using the strong Markov property, we obtain the following lemma.
Lemma 4.7. Let O 1 and O 2 be connected open sets in r X. Suppose that for any z P O 1 XBO 2 , µppBpy, 1q X O 1 X O 2 qzBpy, 1{2qq ě 1 2 . Let f be a bounded positive function on BO 2 . There exists a constant C such that for all x P O 1 zO 2 (4.7)
Proof. The measure of pBpy, 1qXO 1 XO 2 qzBpy, 1{2q is contained in the interval r1{2, d M {2s, where d M is the maximal degree of r X. By Harnack inequality, there exists a constant C such that for all y P O 1 X BO 2 , (4.8) ż pBpy,1qXO 1 XO 2 qzBpy,1{2q
By Lemma 4.6, we have the following inequality:
Denote σ " σ O 1 and τ " σ O 1 zO 2 . By Proposition 4.4, we have the following:
By the inequalities (4.8) and (4.9), and (4.10), we have the inequality (4.7).
Using the proof of Theorem 3.5 in [LL] , we have the following theorem.
Lemma 4.8. Let O 1 be an open set in r X and let O 2 be a relatively compact open subset of O 1 with dpBO 1 , O 2 q ě 1. There exists a constant C such that for any x P O 1 zO 2 and for any y P O 2 ,
Theorem 4.9. Let y be a point on a geodesic rx, zs between x and z. Suppose that dpx, yq ě 1 and dpy, zq ě 1. There exists a constant C such that for all λ P p0, λ 0 s,
Proof. By equation (4.5), we obtain the following inequality:
G λ px, y 1 qdη λ,Spy,1{2q z
where σ " σ Bpy,1{2q . By the Lemma 4.8, there exists a constant C such that ż spy,1{2q
G λ px, y 1 qG λ py 1 , zq.
Since Γ acts cocompactly, we can choose C independent of y P X 0 . By Harnack inequality, we obtain the inequality (4.12).
By Proposition 2.18 and the integration by substitution, the following proposition holds as in [LL] .
Proposition 4.10. For λ P r0, λ 0 q, for any two distinct points x, y in r X,
The inverse operator of p´∆´λIq is described by the Green function G λ px, yq (see Corollary 3.6). Hence, for two distinct points x, y in r X, the derivative B Bλ G λ px, yq converges at λ P p0, λ 0 q.
Denote by γ x the element satisfying x P γ x X 0 . Then we obtain the following lemma.
Lemma 4.11. ( [G] , Lemma 2.4) There exists a positive constant D such that for all x, y, and z in r X, there exists an element γpy, zq P Γ such that dpe, γpy, zqq ă D and dpx, yq`dpx, zq´3diampX 0 q ď d Γ px, γ y γpy, zqzq.
Proof. By Theorem 2.12 in [GH] , there exists a constant C such that for all points x 1 , x 2 , x 3 , x 4 P r X, there exists a map Φ from tx 1 , x 2 , x 3 , x 4 u to some metric tree T satisfying (4.14)
for all x i , x j P tx 1 , x 2 , x 3 , x 4 u. As in the proof of Lemma 2.4 in [G] , since Γ is non-elementary, there exist two elements α and β in Γ such that the sequences tα˘nxu and tβ˘nxu converge to 4 distinct points α˘and β˘in B r X, respectively. Put D " maxtdpe, a N q : a P tα˘, β˘uu. Denote V pα˘q and V pβ˘q be the disjoint neighborhood of α˘and β˘in r X Y B r X, respectively. For any a P tα˘, β˘u, there exists a constant K such that for any γx P V pa`q c , the distance of Φpxq and the branching point in T is bounded above by K. Choose a P tα˘, β˘u with γ´1 z x P V pa`q c and γ w x P V pa´q c . Choose N such that dpa N x, xq ě 4K`3C for all a P tα˘, β˘u. As in [G] , dpx, γ y xq`dpx, γ z xq ď dpx, γ y a N γ z xq. By the triangle inequality, we complete the proof of the lemma.
Let l m be the minimal edge length of r X. Denote by A x,n " te P E : e X Spx, nl m q ‰ φu and B x,n " Ť ePAx,n e. Using Lemma 4.11, we prove the following which is the analog of Lemma 2.5 in [G] .
Proposition 4.12. There is a constant C ą 0 such that for all integer n ě 3diampX 0 ql M`1 and for all λ P r0, λ 0 s, ż
Proof. By Harnack inequality and (4.13), for all λ P r0, λ 0 q and for all y P Bpx, 1q,
G λ px, zqG λ pz, yqdµpzq ă 8, (4.15) By the inequality (4.15), the integration ş Bx,n G 2 λ px, zqdµpzq is bounded for all λ P r0, λ 0 q. By Lemma 4.11, there exists a constant C such that for any z P B x,m and w P B x,n , (4.16) G λ px, γpz, wqxq ě C.
Using Propositon 4.1, (4.16) and Theorem 4.9 in order, we obtain
The point z is contained in the neighborhood of the geodesic from x to γ z γpz, wqw. By the inequality (4.17),
where T 1 " maxtl P N : l ď pm`nql m´2 diampX 0 q´l M u and T 2 " mintn P N : n ě pD`1qdiampX 0 q`3l M`2 u. Let M λ be the supremum of ş Bx,n G 2 λ px, zqdµpzq. By the inequality (4.18), the following holds:
Hence, M λ ď CT 2 for any λ P r0, λ 0 q. Suppose that M λ 0 ą CT 2 . There exists a constant n satisfying ż
For any x, y P r X , G λ px, yq is continuous with respect to λ. There exists a constant λ in r0, λ 0 q such that ş Bx,n G 2 λ px, yqdµpyq ą CT 2 . This is a contradiction.
Using the strong Markov property as in [LL] , we obtain the following proposition. 
The following lemma is analogous to Lemma 2.6 in [G] , which is the main technical part of the proof of Theorem 4.15.
Lemma 4.14. Let y be a point on a geodesic rx, zs between x and z. There exist constants ε ą 0 and R 0 ą 0 such that for all dpx, yq ě r, dpy, zq ě r and r ě R 0 ,
Step 1. Geometric argument using quasi isometry: Since G λ 0 px, z : Bpy, rq c q " 0 if Bpy, rq c is disconnected, we may assume that Bpx, rq c is connected for all r. Since Γ is cocompact, by Theorem 10.2 in [BS] , there exist a map Ψ from r X to a convex subset Y of a hyperbolic space H n and positive constants L and k such that for all x, y P r X, |Ldpx, yq´d H n pΨpxq, Ψpyqq| ď k and Y is contained in the k-neighborhood of Ψp r Xq. Since the image of the geodesic rx, zs is a quasi-geodesic in H n , it is contained in the K-neighborhood of the geodesic g from Ψpxq to Ψpzq in H n (see Figure 2) . Choose a point o on the geodesic g in H n such that d H n pΨpyq, oq ă K.
Let a, b be points in r X and let i a,b be the radius of the inscribed circle of the geodesic triangle oΨpaqΨpbq in H n , which is bounded by a universal constant, say R 1 (Proposition II.1.17 in [BH] ). Choose a positive constant κ ă L. Denote 
Fix ă κ and r ą R 2 satisfying e´κ r ă e´ r {4. Denote N " ze r {. Denote A 0 " txu, A N`1 " tzu and let A i pθq be the connected component containing z of the set tu P Bpy, rq c : = o ΨpxqΨpuq ą p2i´1q{N`θu.
Then there exists a point w such that = o ΨpxqΨpwq ă θ i`p 2i´1q{N and w and u i are in the same edge e. By (4.23),
Hence, u i is not in the interior point of A i`1 .
Step 2. Decomposition of G λ 0 px, z : Bpx, rq c q Using Proposition 4.4 and (4.6), we have:
Let dθ i be the Lebesgue measure on the interval r0, 1{2N s. By (4.23) and (4.28),
Step 4. Counting γ P Γ i pvq: Let E i be the set of edges in r X that intersect BA i pθq for some θ P r0, 1{N s. By (4.29),
Let e i be an edge in E i . By (4.23), for any w P e i , = o ΨpxqΨpwq ě p2i´1q{N´θ e i ě p8i´5q{4N.
Denote C i " tu P Bpx, rq c : = o ΨpxqΨpuq P rp8i´5q{4N, p8i`1q{4N su. If e i P E i , then e i Ă C i . Let ry, vs ba a geodesic segment from y to a vertex v in r X. Denote Γ i pvq " tγ P Γ : γy P C i and γv P C i`1 u.
By Corollary 4.2 and (4.30), we have
Similar to (4.23), for any γ P Γ i pvq,
This means κpγy|γvq y ď r`log 4. Since dpy, γyq ě r and dpy, γvq ě r, for sufficiently small , pγy|γvq y ď 2 r and dpγy, γvq ě r. Hence, the length of ry, vs is at least r and there exists a point w in ry, vs such that γw P Bpy, 2 rq. Denote hprq " pr`2diampX 0 qq{l m . Let d Γ be a word metric defined by S " tγ P Γ : γX 0 X X 0 u. Let id Γ be the identity of Γ. Since dpw, γyq ě 2 r for all γ P Γ with d Γ pid Γ , γq ě hp2 rq, Bpid Γ , hp2 rqqX 0 contains Bpy, 2 rq. If γw is in Bpid Γ , hp2 rqqX 0 for some w P ry, vs, then γ P Bpid Γ , hp2 rqqγ w . The geodesic ry, vs intersects at most hpdpy, vqq orbits of X 0 . Hence, there exists a constant C 1 such that for all v with dpy, vq ě r, |Γ i pvq| ď p1`hpdpy, vqqqe 2C 1 dpy,vq .
Step 5. Finding and r using κ in (4.23): Denote V n " tv P V : nl m ă dpy, vq ď pn1 ql m u.
For any v P V n , if v is a vertex of an edge e, then eXSpy, nl m q ‰ φ or eXSpy, pn`1ql m q ‰ φ. Choose R 3 ą 0 so that e κr{2 ě p1`hpr`1qq 2 for all r ą R 3 . By (4.31), where e t is a point in the edge e i such that dpipeq, e t q " t. For sufficiently small , maxt4 pC`1q, 4 u ď κ{4. Using Proposition 4.12, we have:
Choose R 4 ą 0 satisfying e´ r {p4C 3 q ą e´κ r{2 for all r ą R 4 ,
Put R 0 " maxtR 2 , R 3 , R 4 u. Then there exists an N-tuple pθ 1 ,¨¨¨, θ N q such that for any i P N , f i pθ 1 ,¨¨¨, θ N q ď 1{p4C 2 q. By Harnack inequality (4.2), the inequality (4.19) holds.
Using Harnack inequality, Lemma 4.8, and Lemma 4.14, we obtain Ancona inequality as in [LL] .
Theorem 4.15. Let y be a point on a geodesic rx, zs between x and z. Suppose that dpx, yq ě 1 and dpy, zq ě 1. There exists a constant C such that for all λ P p0, λ 0 s, (4.32) G λ px, zq ď CG λ px, yqG λ py, zq.
Martin boundary.
In this section, we show that the geometric boundary coincides with its λ-Martin boundary.
Definition 4.16. The λ-Martin kernel K of r X is defined as follows:
The λ-Martin boundary is the boundary of the image of the embedding y Þ Ñ K λ px 0 ,¨, yq on r X.
Let f and g be functions on r X. Denote by f -c g if there exists a constant c such that f ď cg and g ď cf . The following theorem is the analog of Theorem 4.6 in [GL] . Unlike the proof in [GL] , we prove the theorem without harmonic functions.
Theorem 4.17. Let rx, ys be a geodesic segment of length n ě 3. Suppose that rx, ys is contained in the r-neighborhood of a geodesic segment rx 1 , y 1 s and dpx, yq ď dpx 1 , y 1 q. Then there exist positive constant Cpx, x 1 q and ρ ă 1 such that for all λ P r0, λ 0 s, (4.33)ˇˇˇˇG λ px, yq G λ px 1 , yq´G λ px, y 1 q G λ px 1 , y 1 qˇˇˇˇď Cρ n .
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Proof. Let x 1 be the point on the geodesic segment rx, ys such that mintdpx, x 1 q, dpx 1 , x 1 qu " 2.
Let x k be the point on the geodesic rx, ys with dpx 1 , x k q " k´1 for all integer k ă dpx 1 , yq (see Figure 4) . Using (4.12), (4.32), and Harnack inequality, there exists a constant C such that (4.34)
We first claim that for all integer k ă dpx 1 , yq, (4.35) Apx, x 1 , y, kq :" G λ px, yq G λ px 1 , yq´k K λ px 0 , y n , ξ 2 q " 0. Hence, two distinct points in the geometric boundary converge to the distinct points in λ-Martin boundary.
Theorem 4.19. For any λ P r0, λ 0 s, the geometric boundary coincides with the λ-Martin boundary.
Proof. Suppose that a sequence ty n u in r X converges to a function K λ px 0 , x, ζq of λ-Martin boundary. Let us consider the geodesic g n from x 0 to y n . By Arzelà-Ascoli's theorem ( [BH] Theorem I.3.10), for any integer m, the sequence of geodesics g n | r0,ms has a subsequence that converges to a geodesic of length m. By the induction on the length of geodesics, we have a subsequence of g n k that converges to a geodesic ray g. Let ξ be a point satisfying ξ " lim tÑ8 gptq. Then the subsequence ty n k u converges to ξ. Since the subsequence tK λ px 0 , x, y n k qu converges pointwise to K λ px 0 , x, ξq, K λ px 0 , x, ξq " K λ px 0 , x, ζq for all x P r X. Hence, the map from the geometric boundary to λ-Martin boundary is surjective.
